EXISTENCE AND MULTIPLICITY OF SOLUTIONS TO EQUATIONS 
OF iV-LAPLACIAN TYPE WITH CRITICAL EXPONENTIAL 

GROWTH IN M^ 

NGUYEN LAM AND GUOZHEN LU 

C^ . Abstract. In this paper, we deal with the existence of sohitions to the nonuniformly 

CS] ' elliptic equation of the form 

(0.1) - div (a (x, Vu)) + V{x) \uf^^ u = ^^^^ + eh(x) 

CN . in M^ where < /3 < A^, F : R^ -^ M is a continuous potential satisfying V{x) > Vq > 

in R^ and V~'^ G L^{W^) or |{a; G R^ : V(x) < M}\ < oo for every M > 0, / : 
Ph I R^ xR — > R behaves like exp I a |u| ' ^ ) when |w| — > oo and satisfies the Ambrosetti- 

Rabinowitz condition, h G (M^-^^^ (R^))* , h ^ and £ is a positive parameter. In 
rS^ • particular, in the case of A^— Laplacian, i.e, 

^' (0.2) -ANU + V{x)\uf-^u^^^^^+sh{x) 

using the minimization and the Ekeland variational principle, we obtain multiplicity of 
weak solutions of (j0.2p . 

^ , Moreover, we prove that it is not necessary to have the small nonzero perturbation 

1:1^ ■ eh{x) to get the nontriviality of the solution to the A^— Laplacian equation 

Q. (0.3) -Anu + V(x)\u\ u= g— 

• • m 

L»^ , Finally, we will prove the above results when our nonlinearity / doesn't satisfy the well- 

known Ambrosetti-Rabinowitz condition and thus derive the existence and multiplicity 
of solutions for a wider class of nonlinear terms /. 



- 1 — I 

X. 

H . 1. Introduction 

In this paper, we consider the existence and multiphcity of nontrivial weak solution 
u G Vr^'^(]R^) {u > 0) for the nonuniformly elliptic equations of A^— Laplacian type of 
the form: 

(1.1) - div (a (x, Vu)) + V{x) \uf-^ u = ^^^^ + eh{x) m M^ 

\x\ 

where, in addition to some more assumptions on a{x, r) and / which will be specified 
later in Section 2, we have 



\cI'{x,t)\ < Cq (ho^x) + hi{x)\T\'^ M 
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for any r in R^ and a.e. x in M^, ho G L^/^^"^) (M^) and hi G L;~ (M^) and / satisfies 

critical growth of exponential type such as / : M^ xM — )■ M behaves like exp ( a |m| '^ ^ ' ) 

when |m| — ;■ oo and when / either satisfies or does not satisfy the Ambrosetti-Rabinowitz 
condition. 

A special case of our equation in the whole Euclidean space when a {x, Vu) = | Vm| ~ Vu 
has been studied extensively, both in the case N = 2 (the prototype equation is the Lapla- 
cian in M^) and in the case A^ > 3 in M^ for the A^— Laplacain, see for example [11], [2], 
[3], [29], [T9|, [151 [HI [17] , 0; ^tc. We should mention that problems involving Laplacian 
in bounded domains in M^ with critical exponential growth have been studied in [1], [19] . 
[7], [8J, [12j, [32j, etc. and for A^— Laplacian in bounded domains in M^ (A^ > 2) by the 
authors of [2], [IS], [29j. 

The problems of this type are important in many fields of sciences, notably the fields 
of electromagnetism, astronomy, and fiuid dynamics, because they can be used to accu- 
rately describe the behavior of electric, gravitational, and fiuid potentials. They have 
been extensively studied by many authors in many different cases: bounded domains and 
unbounded domains, different behaves of the nonlinearity, different types of boundary 
conditions, etc. In particular, many works focus on the subcritical and critical growth 
of the nonlinearity which allows to treat the problem variationally using general critical 
point theory. 

In the case p < A^, by the Sobolev embedding, the subcritical and critical growth for 
the p— Laplacian mean that the nonlinearity / cannot exceed the polynomial of degree 
p* = j[z~- The case p = N is special, since the corresponding Sobolev space Wq' (fi) is 

a borderline case for Sobolev embeddings: one has Wq' (fi) C L'' (Q) for all g > 1, but 
Wq' (fl) ^ L°° (Q). So, one is led to ask if there is another kind of maximal growth in 



this situation. Indeed, this is the result of Pohozaev [30], Trudinger [3l] and Moser [28] . 
and is by now called the Moser- Trudinger inequality: it says that if f2 C M^ is a bounded 
domain, then 

1 r jv 

e'^^H''-' dx < oo 



^""P To, , 

1 
where aN = Nwj^Zi ^^^ '^n-i is the surface area of the unit sphere in M^. Moreover, 
the constant aN is sharp in the sense that if we replace aN by some /3 > aN, the above 
supremum is infinite. 

This well-known Moser- Trudinger inequality has been generalized in many ways. For 
instance, in the case of bounded domains, Adimurthi and Sandeep proved in [3j that the 
following inequality 

N 

sup / j — -g dx < CXD 

holds if and only ii -^ + -^ < 1 where a > and < /S < N. 

On the other hand, in the case of unbounded domains, B. Ruf when A^ = 2 in ^1] and 
Y. X. Li and B. Ruf when A^ > 2 in [25] proved that if we replace the L^-norm of Vm 
in the supremum by the standard Sobolev norm, then this supremum can still be finite 



ELLIPTIC EQUATIONS WITH CRITICAL GROWTH IN R^ 3 

under a certain condition for a. More precisely, they have proved the following: 

I ( ( \ \NI{^-^)\ c I N\^/<ooifa< Oat, 
sup / exp a m '^ M — D7V-.2 (a,M) aa^ < , -r 



^0 ^J^' ^ ll"lliJV-t-|l^"lliJV<l 



^' a^ b|^^/(^-i) 



where 

fc=0 

We should mention that for a < ajy when N = 2, the above inequality was first proved 
by D. Cao in [II], and proved for A^ > 2 by Panda [29] and J.M. do O [El ttS] and Adachi 
and Tanaka [T]. 

Recently, Adimurthi and Yang generalized the above result of Li and Ruf [2S] to get 
the following version of the singular Trudinger-Moser inequality (see [5] ) : 

Lemma 1.1. For allO < (3 < N, < a and u E W^'^ (M^), there holds 
/ — g \ exp ia\u\ ) ~ 'S'Ar_2 (a, m) [ < 00 

Furthermore, we have for all a < (l — -^) a^ and r > 0, 

sup / — osexpfalul '^ ^ ')— 8^-2(0!, u)> < 00 



where ||m||-,^^ = f/j^jv ( |V-u| + r !«! \dx\ . The inequality is sharp: for any a > 
(1 — -|:) ajM, the supremum is infinity. 



J- /^IV7 \N-2jr-, \ , jr/ w \N-2 f\^i'u) I 7/ N 

— div(|Vu| \u\+V[x)\u\ u = -s V eh[x) 



Motivated by this Trudinger-Moser inequality, do O [IHl [IE] and do O, Medeiros and 
Severo [IT] studied the quasilinear elliptic equations when /3 = and Adimurthi and 
Yang [3] studied the singular quasilinear elliptic equations for < /3 < A^, both with 
the maximal growth on the singular nonlinear term ^^ which allows them to treat 

\x\ 

the equations variationally in a subspace of W^'^ (M^) . More precisely, they can find a 
nontrivial weak solution of mountain-pass type to the equation with the perturbation 

/(x,m) 

|x| 

Moreover, they proved that when the positive parameter e is small enough, the above 
equation has a weak solution with negative energy. However, it was not proved in [5] if 
those solutions are different or not. We also should stress that they need a small nonzero 
perturbation eh{x) in their equation to get the nontriviality of the solutions. 

In this paper, we will study further about the equation considered in the whole space 
[21 [13 [m [13 [S]- More precisely, we consider the existence and multiplicity of nontrivial 
weak solution for the nonuniformly elliptic equations of A^— Laplacian type of the form: 

(1.2) - div (a (x, Vu)) + V{x) \uf-^ u = ^^^^^ + eh{x) 

\x\ 

where 

\a {x, r) I < Co [ho (x) + hi {x) |r|^~^ j 
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for any r in R^ and a.e. x in M^, ho G L^/(^^^^ (R^) and hi G L^^^ (M^). Note that the 

equation in ^ is a special case of our equation when a (x, Vm) = IVmI ~ Vm. In fact, 
the elhptic equations of nonuniform type is a natural generalization of the p— Laplacian 
equation and were studied by many authors, see [iHl EOj EH ESI 132] . As mentioned earlier, 
the main features of this class of equations are that they are defined in the whole M^ 
and with the critical growth of the singular nonlinear term ^'J^ and the nonuniform 

\x\ 

nonlinear operator of p-Laplacian type. In spite of a possible failure of the Palais-Smale 
compactness condition, in this paper, we still use the Mountain-pass approach for the 
critical growth as in [151 El [HI [IT] to derive a weak solution and get the nontriviality of 
this solution thanks to the small nonzero perturbation eh{x). 
In the case of A^— Laplacian, i.e., 

a (x, Vm) = |Vm| ~ Vm, 

our equation is exactly the equation studied in [5]: 

/(x,m) 

\x\ 



;i.3) - div {\Vuf-' Vm) + Vix) \uf-' u = ^^^ + eh{x) 



Using the Radial lemma, Schwarz symmetrization and a modified result of Lions |27] about 
the singular Moser-Trudinger inequality, we will prove that two solutions derived in [5] 
are actually different. Thus as our second main result, we get the multiplicity of solutions 
to the equation (11.31) . This result extends the result in [5] and also the multiplicity result 
in [Hj (,9 = 0) to the singular case (0 < /3 < A^). 

Our next concern is about the existence of solution of the equation without the pertur- 
bation 

/(x,m) 



:i.4) - div (l Vm|^~^ Vm) + V{x) \uf'^ u 



\x\ 



Using an approach as in [151 US HI], we prove that we don't even require the nonzero 
perturbation as in [5] to get the nontriviality of the mountain-pass type weak solution. 

Our main tool in this paper is critical point theory. More precisely, we will use the 
Mountain-pass Theorem that is proposed by Ambrosetti and Rabinowitz in the celebrated 
paper [B] . Critical point theory has become one of the main tools for finding solutions to 
elliptic equations of variational type. We stress that to use the Mountain-pass Theorem, 
we need to verify some types of compactness for the associated Lagrange-Euler functional, 
namely the Palais-Smale condition and the Cerami condition. Or at least, we must 
prove the boundedness of the Palais-Smale or Cerami sequence [T3l [Ti] . In almost all of 
works, we can easily establish this condition thanks to the Ambrosetti-Rabinowitz (AR) 
condition, see (/2) or (/3) in Section 2. However, there are many interesting examples of 
nonlinear terms / which do not satisfy the Ambrosetti-Rabinowitz condition, but based 
on our theorem we can still conclude the existence and multiplicity of solutions. Thus our 
next result is that we will establish again the above results when the nonlinearity does not 
satisfy this famous (AR) condition. For the A^— Laplacian equation in a bounded domain 
in M^, such a result of existence has been established by the authors in [23]. 

We mention in passing that the study of the existence and multiplicity results of 
nonuniformly elliptic equations of A^— Laplacian type are motivated by our earlier work 
on the Heisenberg group [23]. Our assumptions on the potential V are exactly those 
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considered in US Hg [13 [5], namely V{x) > ^ > in M^ and V'^ G L\R^) or 
|{a; G M^ : V{x) < M}\ < oo for every M > 0. Very recently, Yang has established in 
[35] when a(x, Vm) = |Vm|^~^V'U the multiplicity of solutions when the nonlinear term 
/ satisfies the Ambrosetti-Rabinowitz condition and the potential V is under a stronger 
assumption than ours. More precisely, it is assumed in [35] that V~'^ G L^-^ (M^) which 
implies V^'^ G L^{M.'^) when V{x) > Vq > in M.^ . The stronger assumption of inte- 
grability on V~^ in |35j guarantees that the embedding E — )■ L'^(]R^) is compact for all 
1 < g < oo. The argument in [35], as pointed out by the author of [35j, depends crucially 
on this compact embedding for all 1 < g < oo. The assumption on the potential V in our 
paper only assures the compact embedding E — )■ L''(]R^) for q > N. Nevertheless, this 
compact embedding for g > A^ is sufficient for us to carry out the proof of the multiplicity 
of solutions to equation (11. 3p and existence of solutions to equation (11. 4p without the 
perturbation term. (See Proposition 15.21 and Remark 15.21 in Section 5 for more details). 
Moreover, our theorems hold even when / does not satisfy the Ambrosetti-Rabinowitz 
condition. 

The paper is organized as follows: In the next section, we give the main assumptions 
which are used throughout this paper except the last section and our main results. In 
Section 3, we prove some preliminary results. Section 4 is devoted to study the exis- 
tence of nontrivial solutions for the nonuniformly elliptic equations of A^— Laplacian type 
(II. 2p . The multiplicity of nontrivial solutions to Equation (II. 3p is investigated in Section 
5. Section 6 is about the existence of nontrivial solutions to the equation without the 
perturbation (II. 4p . Finally, in Section 7 we study the results in Sections 5 and 6 again 
without the well-known Ambrosetti-Rabinowitz (AR) condition. 

2. Assumptions and Main Results 

Motivated by the Trudinger-Moser inequality in Lemma 1.1, we consider here the maxi- 
mal growth on the nonlinear term f{x, u) which allows us to treat Eq. (ll.2p variationally in 
a subspace of W^''^ (R^) . We assume that / : R^ x M — )■ M is continuous, f{x, 0) = and 

/ behaves like exp ( a |m| ~ j as \u\ -^ oo. More precisely, we assume the following 

growth conditions on the nonlinearity f{x, u) as in [151 IISI [13 IS]: 

(/I) There exist constants a^, 6i, 62 > such that for all {x^u) G M^ x IR+, 



< /(x,m) < 61 |m| +62 expfaolwl M — S'Ar_2 (ao, ^) 



where 



iV-2 



„fc 



V^ tto I \kN/{N-l) 



Sn-2 (ao, ^) = 7 . Tf 1^ 



fc=0 



(/2) There exist p > N such that for all x G M and s > 0, 

s 

< pF{x, s) = p f{x, T)dT < sf{x, s) 





This is the well-known Ambrosetti-Rabinowitz condition. 

F{x,s)<Mof{x,s). 



(/3) There exist constants Rq, Mq > such that for all x G M^ and s > Rq 
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Since we are interested in nonnegative weak solutions, it is convenient to define 

(2.1) f{x, u) = for all (x, u) eR^ x (-00, 0] . 

Let y4 be a measurable function on M^ x M such that A{x, 0) = and a{x, r) = — ^^ is 
a Caratheodory function on M^ x M. Assume that there are positive real numbers Cq, Ci, ki 
and two nonnegative measurable functions ho, hi on M^ such that hi G L'^^ (M^) , ho G 
j^N/{N-i) ^j^N'j ^ hi{x) > 1 for a.e. x in M^ and the following conditions hold: 

(Al) \a{x, r) I < Co (ho (x) + hi (x) \t\^'^] , Vr G M^, a.e. x G M^ 

(A2) Ci\T-Tif < {a{x,T) -a{x,Ti),T-Ti) Vr,ri eR^, a.e. x eR^ 
{A3) < a{x, t).t < NA {x, r) Vr G M^, a.e. x eR^ 
(AA) A (x, r) > fco/ii (x) |r|^ Vr G M^, a.e. x G M^. 

Then A verifies the growth condition: 

(2.2) I A (x, r) I < Co (ho (x) \t\ + hi (x) |r |^) Vr G M^, a.e. x G M^ 
Next, we introduce some notations: 



E=^ue W^'^{R^) : 4^ /ii(x) \Vufdx + ^^ \/(x) |u|^ < 00 
(/iRiv (^/?.i(a;) |Vm|^ + ]^V{x) \u\'^j dxj , ue E 



Me 



,N 



Ai(iV)=inf<^ ^ 7f, -.ueEMO} 



dx 



We also assume the following conditions on the potential as in [T51 Uni [13 E]: 
(1^1) l^ is a continuous function such that ^(x) > Vq > for all x G R^ , we can see 
that i? is a reflexive Banach space when endowed with the norm 

l/N 



Me 



(/_^(/M.)iv.r+J^.'wi.r)..) 



and for all iV < g < 00, 

with continuous embedding. Furthermore, 



II 11^ 

WuW 
(2.3) Al (A^) = inf { — ^^^ — : u G ^ \ {0} )> > for any < /3 < A^. 



In order to get the compactness of the embedding 

E^ LP (M^) for all p > AT 

we also assume the following conditions on the potential V: 

{V2) V{x) — 7- 00 as |x| —7- 00; or more generally, for every M > 0, 

12 ({x G R^ : V{x) < M}) < 00. 
or 
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(^3) The function \V{x)Y^ belongs to L^ (M^). 
Now, from (/I), we obtain for all (x,m) G M^ x M, 

\F{x,u)\ < 63 exp f ai |m|^^^^""^M - 5'Ar_2 ("!,«) 

for some constants ai, 63 > 0. Thus, by Lemma 1.1, we have F{x,u) G L^ (M^) for all 
u G W^'^ (M^). Define the functional J, J^ : S ^ M by 

Je{u) = I A{x,Vu)dx + — / V^(a;) |m| dx — '-^ — dx — e I hudx 

J{u) = -r; |Vu| dx + — V{x) \u\ dx — '-^ — dx 

then the functionals J, J^ are well-defined by Lemma 1.1. Moreover, J, J^ are the C^ 
functional on E and \/u,v G E, 

DJ^{u)v = I a{x,Vu)Vvdx+ I V{x)\u\ ~ vdx — / ^—^ — dx — e / hvdx 

Jri^ Jrn Jt^n \xf Jrn 

DJ{u)v= I \Vu\ ~ VuVvdx + I V{x)\u\ ~ vdx— I '—3 — dx. 

Jrn Jj^n Jjg^N \xf 

Note that in the case of A^— Laplacian: A{x,r) = j^\t\ , we choose 

a (x, r) = |r|^"^ r, ko = — , h (x) = 1. 

We next state our main results. 

Theorem 2.1. Suppose that (VI) and (V2) (or (V3)) and (fl)-(f2) are satisfied. Fur- 
thermore, assume that 

Fix s) 

(f4) lim sup ^ < Ai(A^) uniformly in x G M^. 

s-->o+ ko\s\ 



Then there exists £1 > such that for each < e < ei, problem ( li.^j) has a nontrivial 
weak solution of mountain-pass type. 

Theorem 2.2. Suppose that (VI) and (V2) (or (V3)) and (fl)-(f3) are satisfied. Fur- 
thermore, assume that 

NFix s) 
(f4) lim sup j^ — < Ai(A^) uniformly in x G M^. 

s-i>0+ |s| 

and there exists r > such that 

(f5)\inisf{x,s) exp [—ao\s\ '^ ^' 

S—KX) \ / 

> . I . r^^V" > 



^-/3 _/'^,,^/'^^_flV/\r^ , n.^M-R r^-P 



r"-P (,{aNd{N-lS)/N) _^ Qr^-P _ I. 



N-p^ ' •-" N-13 



"0 
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uniformly on compact subsets o/M^ where d and C will he defined in section 3. Then there 
exists 62 > 0, such that for each < £ < £2; problem U.3\) has at least two nontrivial 
weak solutions and one of them has a negative energy. 

Theorem 2.3. Under the same hypotheses in Theorem 2.2, the problem without the per- 
turbation ( [i.^[ ) has a nontrivial weak solution. 

As we remarked earlier in the introduction, aU the main theorems above remain to hold 
when the nonlinear term / does not satisfy the Ambrosetti-Rabinowitz condition. As a 
result, we then establish the existence and multiplicity of solutions in a wider class of 
nonlinear terms. See Section 7 for more details. 

3. Preliminary Results 
First, we recall what we call the Radial Lemma (see [101 [E]) which asserts: 

AT II 11^ 

\u{x)f< "^7 ,VxeR^\{0} 

l^Af-1 \x\ 

for all u G VT^'^ (M^) radially symmetric. Using this Radial Lemma, we can prove the 
following two lemmas (Lemmas 13.11 and 13. 2p with an easy adaptation from Lemma 2.2 
and Lemma 2.3 in [17] for /3 = and Lemma 4.2 in [5]. 

Lemma 3.1. For k > 0, < f3 < N and \\u\\^ < M with M sufficiently small and 
q > N, we have 



expf^lMl '^ M — S'Ar_2 (k, -u) 



\u\' 



-dx<C{N,K)\\u\\l 



11/3 u,u, ^ ^^ yii , nj \\"'\\E 

\x\ 



Lemma 3.2. Let k > 0, < (3 < N, u E E and \\u\\j^ < M such that M^/(^-^) < 
(1 - §) ^, then 



[■ exp(fi;|M| '^ '] — 3^-2(1^, U) \u\ 

/ ^ ^ ^^ ^ dx<C{N,M,K)\\u 

Jrn \xy 



\u\ 

dx <C(N. M.k) II7/J, , 

for some p' > N. 

Next, we have 

Lemma 3.3. Let {wk} C W^'-'^ (f2) where Q is a bounded open set in M.^ , W^WkW^^Nm) < 

1 . If Wk ^ w ^ Q weakly and almost everywhere, Vwk -^ Vw almost everywhere, then 

exp{a|»„|^/(^-^)} . ^^- rwnw n/ /h P\ (^ IIY7 11^ \-V(^-i) 
i^ — — -g IS bounded m L (il) for < a < (1 — -^j a^v I 1 — II Vw||j;^]v/f^\ 1 

Proof. Using the Brezis-Lieb Lemma in [10], we deduce that 

l|Vwfc||;^^(f5) - \\Vwk - VwllJ'^(f^) -^ l|Vu;||J'iV(^) • 
Thus for k large enough and 5 > small enough: 

< a (1 + (5) \\Vwk - yw\\%%]^^ < «^ ^ _ A 

By the singular Trudinger-Moser inequality on bounded domains [3], we get the conclu- 
sion, n 
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In the next two lemmas we check that the functional J^ satisfies the geometric conditions 
of the mountain-pass theorem. Then, we are going to use a mountain-pass theorem 
without a compactness condition such as the one of the (PS) type to prove the existence of 
the solution. This version of the mountain-pass theorem is a consequence of the Ekeland's 
variational principle. 

Lemma 3.4. Suppose that iVl), (/I) and (/4) hold. Then there exists £i > such that 
for Q < e < El, there exists Pe > such that Jeiu) > «/ lltiH^ = Pe- Furthermore, p^ can 
be chosen such that p^ — )■ as e — )■ 0. 

Proof. From (/4), there exist t, 6 > such that |u| < 5 implies 

(3.1) F{x,u)<ko{Xi{N)~T)\u\^ 

for all X G M^. Moreover, using (/I) for each q > N, we can find a constant C = C{q, 6) 
such that 

(3.2) F(x,m) <C|M|4exp 



k\u\^'^'^ ^'j - SN-2{'i,u) 



for \u\ > 6 and x G M^. From (13. ip and (13.21) we have 



N 



F{x, u) < ko (Ai (N) - r) l^r' + C \u 



exp I K \u 



,N/{N~1) 



- Sn-2 (/t, U) 



for all {x,u) G M^ x M. Now, by {A4), Lemma 3.2, (12. 3p and the continuous embedding 

E ^ L^ (R^), we obtain 

Je{u) > ko \\u\\^ — ko (Ai (A^) — t) I - — —dx — C WuWi, — e \\h\\ ._ \\u\ 



>ko{l- 



(Ai {N) - r) 



W^ \x\ 



\N 



Thus 

(3.3) 



Jeiu) > \\u\\j^ 



Ai(iV) 

(Ai jN) - t) 

Ai(iV) 



IMV /^ II ll<7 III, II II II 

Mn, — C Mp — S^/iL \m\rp 



I ii^-i /^ II I 
\u\\ p — C \\u\ 



^"-^ -F \\h\ 



{Xi{N)-t)\ M-1 



P 



-Cp"-! > 



Since r > and q > N, we may choose p > such that ko [1 — ^ / L ' 

0. Thus, if e is sufficiently small then we can find some p^ > such that Jeiu) > if 
IImII = Pe and even p^ — )■ as 5 — )■ 0. D 

Lemma 3.5. There exists e G -E with \\e\\^ > ps such that Je{e) < inf Je{u). 

l"ll=Pe 

Proof. Let u E E \ {0} , u > with compact support Q = supp{u). By (/2), we have 
that for p > N, there exists a positive constant C > such that 

(3.4) Vs > 0, Vx G f] : F (x, s) > cs^ - d. 

Then by (Q, we get 

Je{tu) <Ct I ho (x) \Vu\ dx + Ct^ \\u\\^ - Ct^ [ ^rfx + C + et [ hudx 
Jvt Jvt \x\ Jn 

Since p > N, we have Jeitu) — )■ — oo as t — t- oo. Setting e = tu with t sufficiently large, 
we get the conclusion. D 
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Now, we define the Moser Functions which have been frequently used in the literature 
(see, for example, [U], [T7], [3]): 



■mi{x,r) 



u 



(log/) 
1/^ ] (I^iipv 



(N-l)/N 



1 



N-1 







if \x\ < - 

if J < |x| < r 
if \x\ > r 



We then immediately have mi (., r) G Vr^'^(]R^), the support of rnilx, r) is the ball Br 
and 



(3.5) 
Then 



iTV 



\N 



\Vmi{x,r)\ dx = l, and ||mi||,^i,iv(]giv^ 

maxV" (x 



1 + 



log/ V N^ 



{N-iy. ^ 

r +0/(1 






log/ V ^^ 
Consider mi{x,r) = fhi{x,r)/ ||m;||^, we can write 






(3.6) 



m 



N/{N-1) 
I 



x,r) =w^_i 



1/(7V-1) 



log/ + di for |x| < r/l, 



Using (13. 5p . we conclude that ||mi|| — > 1 as / — )■ oo. Consequently, 

di 



(3.7) 



— !■ as / — !■ oo, 
log/ 

d = lim inf (i/ 



The following lemma was established in [17] when /3 = 0. We adapt the proof given in 
[T7] to our case < /3 < A^. See also [21] for a similar result on the Heisenberg group. 



Lemma 3.6. Suppose that (VI) and (fl)-(f5) hold. Then there exists k eN such that 



max; ,^ 
t>o N 



F{x,tmk)_^^\ ^ 1 [N -(5aN 



N-l 



i^N |a;|'" I N \ N ao 

Proof. Choose r > as in the assumption (/5) and /3o > such that 
(3.8) 



lim s/(x, s) exp ( — ao \s 

s—^ca \ 



N/{N-1) 



>/3o 



> 



1 




[^'^-''e("Jvd(Af-/3)/iv) + Cr^-l^ 


r^-fi' 



N- 13 
ao 



N-l 
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where 

C = lim a log k [ exp [{N - (3) log k (s^/(^-i) - (ks)] ds > 0, a = ||mfc|| , 

fc^oo J 



c> 





1 _ g-(Af-/3)logn 



Suppose, by contradiction, that for all k we get 



t^ f F(x,tmk) , ] 1 fN-/3aN'^^~^ 



max < 177 — / 3 (ix > > ,^ , 

t>o [ N V Ixl'^ J ~ ^ V N ao 

where mk{x) = mk{x,r). By (13.41) . for each k there exists t^ > such that 

ax = max i —- — 3 ax 



N Jrn \x\^ t>o I A^ J^N \x\^ 

Thus 

tl_ r F{x,hmu) ^ 1 / iV-/3 a^\^-^ 

iV A- Ixl^ "^ - iV V AT ao ; 

From F(x, m) > 0, we obtain 

Since at t = tk we have 

it follows that 

(3.10) tk = l tkrrik ' g ^ (ix = / t^mfc ' t ^ dx 

JM.^ \x\ J\x\<r \X\ 

Using hypothesis (/5), given r > there exists i?,- > such that for all u > R-r and 
|x| < r, we have 

(3.11) uf{x,u) > (/3o - r)exp (ao \uf/^''-'^) . 
From (]3.10p and (13. lip , for large k, we obtain 

tf > (/3o - r) / ^ — Ux 

^N-l /^^^"^__ Z'^, +^/{JV-l), ,-l/(iV-l) i_ ,^ , ^, ^iV/(7V-l)^ 

Thus, setting 



/o \ ^N-1 (r\N P ( N/{N-1) -l/(Af-l)i , , .N/{N-l),\ 

(^0-t) ^_ \^-j exp[aot^" 'uj^l^ 'logk + aotf^" 'd^j 



Lk = tf," '+aot^." 'dk- N logtk- {N - 13) log k 
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l>(/3o-r)^^r^-'^expL, 



N-f3 

Consequently, the sequence (tk) is bounded. Otherwise, up to subsequences, we would 
have hm Lfc = oo which leads to a contradiction. Moreover, by (13. 7p . (13. 9p and 



tf>(/3o-r)^r^-^exp 



JV/(7V-1) 

N^^^ (AT - /3) 1 logfc + aot 






OlN 



N/iN-1)^^ 



it follows that 



(3.12) 






N-l 



Setting 

Ak = {x E Br : tkiTik > Rt} and Bk = Br\ Ak 
From (]3.10p and (13. lip we have 



(3.13) 



4' > (/3o - r) 



{/3o- 






|z|<r 



kr 



exp ao |4"^fc 



/3 



Ar/(Ar-l) 



^fc 



\X\ 



\X 



/3 



cia; 



Notice that mk{x) — )■ and the characteristic functions XBk ~^ 1 fo^' almost everywhere 
a; in i?r. Therefore the Lebesgue's dominated convergence theorem implies 



tkirikf {x,tkmk) 



dx ^ 



Bk 



\x\ 



and 



exp ao {tkiTLk 



N/{N-1) 



Bk 



\X 



/3 



iV-/3 



Moreover, using that 



ti, y 



'' 1 \ N ao 



N~l 
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we have 



and 



exp \ao\tkmk\ 



N/{N-1) 



1/3 



dx 



|a;|<r \X ^ 

exp (aN Imfcl'^/^'^-'^ (A^ - /3)/N 



> 



dx 



|x|<r 



\X\ 



exp 



aiv|m,r/(^-^)(iV-/3)/iv' 



dx 



x\<r/k 



\X\ 



+ 



exp 



«;v|m,r/(^-^)(iV-/3)/iv' 



dx 



r / k<\x\<r 



\X\ 



exp 



a^Kr/(^-^)(iV-/3)/iV 



dx 



x\<r/k 



\X\ 



exp 



aNOOj,'!^'' '^ logA;(iV - f3)/N + 4a^(iV - f3)/N 



-dx 



x\<r/k 



\X\ 



^^-1 f''V~\iN-na^^{N~^)/N) 



k 



log fc ^ 



N-13 \k. 

N-13 
Now, using the change of variable 

log(-) 
X = ' , with Cfc = Wrrik] 
Cfc log k 

by straightforward computation, we have 

r exp(a^|mfc|^/(^-^)(iV-/3)/iV 
/ —B 

J r/k<\x\<r 



dx 



\x\ 



C^ 



c^^v-ir^-'^a log k / exp [{N - f3) log A; (s^/(^-i) - ^s)] rfs 



which converges to Cuj^^ir^ ^ as A; — )■ oo where 



C = hm Cfc log A; [ exp [(A^ - /3) log k (s^/(^-^) - (^s)] ds > 0. 

k^oo J '- ^ ' ^ 
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Finally, taking fc — )■ oo in (I3.13p . using fl3.12p and using (13 .Tp (see [151 [U])) we obtain 



N - (3aN 



N-l 



N ao 
which implies that 

/3o< 



> (/3o - r) 



^JV-l ^Af-/3^(a^d(Ar_/3)/jV) 



iV-^ 



+ Ccoj,.,r^-^ - ^r^-' 



1 




Ir""-^ ^iai^diN-f})/N) j^ ,^^7V-/3 


N-13 



N-(3 

"0 



TV-l 



This contradicts to (I3.8p . and the proof is complete. D 

4. The existence of solution for the problem (11.21 ) 

It is well known that the failure of the (PS) compactness condition creates difficulties in 
studying this class of elliptic problems involving critical growth and unbounded domains. 
In next several lemmas, instead of (PS) sequence, we will use and analyze the compactness 
of Cerami sequences of J^. 



oN 



Lemma 4.1. Let (uk) G E be an arbitrary Cerami sequence of J^, i.e., 
Je {uk) -^ c, (1 + WukW^) \\DJ^ {uuiWe' -> as /c -> oo. 
Then there exists a subsequence of (uk) (still denoted by {uk)) and u E E such that 

' ^ ^ ^ strongly m L^ (M^) 

VMfc(a;) — 7- Vm(x) almost everyu 

a{x,Vuk) ^- a{x,Vu) weakly in [L^JJ- ~ (M^) 
Uk ^ u weakly in E 

Furthermore u is a weak solution of M.2\) . 

For simplicity, we will only sketch the proof where includes the nonuniform terms 
a(x, Vm) and A{x, Vu). 



Proof. Let v E E, then we have 

(4.1) / A{x,Vuk)dx + — / V(x) l-Ufcl dx — 

and 

/ a{x,Vuk)Vvdx+ I V{ 



F{x,Uk) 



dx 



\DJe{Uk)v 

(4.2) 



R'V X 



X) \Uk\ Ukvdx 



fc— >oo 



hukdx — )■ c 



f{x,Uk)v 



dx 



\x\ 



hvdx 



< 



^k\V 



(1 + \\Uk\\E) 
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where r^ — )■ as A; — )■ oo. Choosing v = u^ in ( I4.2p and by (^43), we get 

/ ^ — -3 dx + e / hukdx — N / A{x,Vuk) — / V"(x) Imj^I ~ Ukdx 

Jrn \x\'^ Jrn J^n Jrjv 

This together with (il]), (/2) and (A4) leads to 

f P 1^ II 11^ / r^ n , II II ^ 

ViV ~ J ""'^"^ < C'(l+ ll^fcll^;) 

and hence llMfcHg is bounded and thus 

(4.3) / l^^^dx<C, I ^^dx<C. 

Thanks to the assumptions on the potential V, the embedding E ^-^ L^ (M^) is compact 
for all q> N,hy extracting a subsequence, we can assume that 

Uk ^ u weakly in E and for almost all x E M^. 

Thanks to Lemma 2.1 in [13, we have 



(4.4) ^^^ ^ ^^ in LL (M^) 



\x\ \x\ 



Next, up to a subsequence, we can define an energy concentration set for any fixed 
5>0, 



xeR^ 



: lim lim / ( l^fcl + |Vufc| ) dx' > 6 > 



(4.5) lim / '■^ ' ' ' / ^ ^ = 



Since (uk) is bounded, S^ must be a finite set. Adapting an argument similar to [5J (we 
omit the details here), we can prove that for any compact set K CC M^ \ S^, 

\f {x,Uk)Uk - f (x, u) u\ 
Ik \x\ 

Next we will prove that for any compact set K GG M^ \ S^, 

(4.6) lim / \Vuk-Vuf dx = 

^^°° Jk 

It is enough to prove for any x* G M^ \ S^, and Br{x*, r) G M^ \ S^, there holds 

(4.7) lim / \Vuk-Vuf dx = 



16 NGUYEN LAM AND GUOZHEN LU 

For this purpose, we take (j) G C^ {Bj. {x*)) with < < 1 and = 1 on i?j./2 {x* 
Obviously (j)Uk is a bounded sequence. Choose h = (pUk and h = (pu in fl4.2p . we have: 

/ (a (x, Vwfc) — a (a;, Vm)) (V-Ufc — Vm) (ix < / a{x,'Vuk)'V4'{u — Uk) dx 

JBrix*) J Br{x*) 

I f iX Xlh) 

(pa (x, Vti) (Vu — Vuk) dx + (p ("^fc — u) ^-^ — dx 

Br{x*) JBrix*) \xf 



+ Tk II^MfelU + 7-fc ||0m||^ - 5 / (j)h{Uk- U) dx 

JBrix*) 

Note that by Holder's inequality and the compact embedding oi E "-}■ L^ (fi), we get 



(4.8) lim / a (x, Wuk) V0 {u — Uk) dx = Q 

^'^'^ JBrix*) 

Since Vm^ ^" Vu and u^ -^ u, there holds 

(4.9) lim / (pa (x, Vm) ( Vm — Vwfc) rfx = and lim / (ph (uk — u) dx = 

f"^"^ JBrix*) ''^'^ JBrix*) 

This implies that 

lim / (p {uk — u) f (x, Uk) dx = 

^^°° JBrix*) 

So we can conclude that 

lim / (a (x, Vwfc) — a (x, Vm)) (Vwfc — Vm) t/x = 

^^°° JBrix*) 

and hence we get (14.71) by {A2). Thus we have (14.61) by a covering argument. Since S^ is 
finite, it follows that Vuk converges to Vm almost everywhere. This immediately implies, 

up to a subsequence, a (x, Vuk) -^ a (x, Vu) weakly in ( LJ^ ~ (M^) j . Using all 

these facts, letting k tend to infinity in (14. 2 p and combining with (14. 4p . we obtain 

{DJ,{u),v) = 0^ve C^ (M^) . 

This completes the proof of the Lemma. D 

Now, we are ready to prove Theorem 2.1. The existence of the solution of (II. 2p follows 
by a standard "mountain-pass" procedure. 

4.1. The proof of Theorem 2.1. 

Proposition 4.1. Under the assumptions (VI) and (V2) (or (V3)), and (fl)-(f4), there 
exists El > such that for each < e < ei, the problem M.^) has a solution um via 
mountain-pass theorem. 

Proof. For e sufficiently small, by Lemmas 3.4 and 3.5, J^ satisfies the hypotheses of the 
mountain-pass theorem except possibly for the (PS) condition. Thus, using the mountain- 
pass theorem without the (PS) condition, we can find a sequence {uk) in E such that 

Je (uk) -^ Cm > and (1 + ||Mfe||^) \\DJ^ {uk)\\ -^ 

where cm is the mountain-pass level of J^. Now, by Lemma 4.1, the sequence (uk) con- 
verges weakly to a weak solution um of (11-21) in E. Moreover, um t^ since h ^ 0. D 
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5. The multiplicity results of the Problem (II .31 ) 

In this section, we deal with the problem fll.Sp . Note that this is the special case of 

the problem fll.2p with A{x,t) = ^^. Some preliminary lemmas in the case /3 = were 
treated in p3| IT7] . We will not include details of the proof here, but refer the reader 
to |15[ [T7] . The key ingredient of this section is the proof of Proposition 15.21 which is 
substantially different from those in [13 [IT] . 

Lemma 5.1. There exists r] > and v E E with \\v\\^ = 1 such that Je{tv) < for all 
< t < rj. In particular, inf Js{u) < 0. 

Corollary 5.1. Under the hypotheses (VI) and (fl)-(f5), if e is sufficiently small then 

max.. (.™.) ^ ma J^ - / ^i^.. - t [ .H,n.A < 1 f^^) ""' 

t>o t>o yN J^N \xf Jrn J A^ V ^ «o / 

Note that we can conclude by inequality f l3.3p and Lemma 5.1 that 

(5.1) - oo < Co = inf Js{u)<0. 

Next, we will prove that this infimum is achieved and generate a solution. In order to 
obtain convergence results, we need to improve the estimate of Lemma 3.6. 

Corollary 5.2. Under the hypotheses (VI) and (fl)-(f5), there exist €2 G (0,£i] and 
u G W^'^ (M^) with compact support such that for all < e < 62, 

J, (tu) < Co + ^ (^^—) /«^ «" ^ > 

Proof. It is possible to increase the infimum cq by reducing e. By Lemma 3.4, p^ — )■ 0. 
Consequently, Cq — )■ 0. Thus there exists £2 > such that ii < e < 62 then, by Corollary 
5.1, we have 

i>o ' ' ' A^ V ^ "0 

Taking u = nik E W^'^ (M^) , the result follows. D 

Lemma 5.2. // (uk) is a Cerami sequence for J^ at any level with 

(5.2) \imM\\u4E<(^T^—) 

then (uk) possesses a subsequence which converges strongly to a solution Uq of U.3\) . 
Proof. See Lemma 5.2 in [T7] for /3 = and Lemma 4.6 in |5j for < 13 < N. D 

5.1. Proof of Theorem 2.2. The proof of the existence of the second solution of (II. 3p 
follows by a minimization argument and Ekeland's variational principle. 

Proposition 5.1. There exists £2 > such that for each e with < e < £2; Eq. ( Ii.,3^) 
has a minimum type solution uq with J^ (uq) = cq < 0, where cq is defined in l\5.1\) . 



maxJe (tnik) < Cq + 
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Proof. Let p^ be as in Lemma 3.4. We can choose £2 > sufficiently small such that 



Pe< 



N ao 



Since Bp^ is a complete metric space with the metric given by the norm of E, convex and 
the functional J^ is of class C^ and bounded below on Bp^, by the Ekeland's variational 
principle there exists a sequence (uk) in Bp^ such that 

Je (uk) -)■ Co = inf Je (m) and \\DJ^ {uk)\\ -^ 

ll"liB<Pe 

Observing that 

by Lemma 5.2 it follows that there exists a subsequence of {uk) which converges to a 
solution uq of (11.31) . Therefore, J^ (uq) = Cq < 0. D 

Remark 5.1. By Corollary 5.2, we can conclude that 

1 {N-(5aN^^'^ 
< ca/ < Co + 



Proposition 5.2. If 62 > is sufficiently small, then the solutions of (T^ obtained in 
Propositions 4-1 one? 5.1 are distinct. 

Remark 5.2. Before we give a proof of the proposition, we like to make some remarks. 
We note the following Hardy-Littlewood inequality holds for nonegative functions f and g 



m iii^/ 



/ 



f{x)g{x)dx < / f*{x)g*{x)dx 



where f* and g* are symmetric and decreasing rearrangement of f and g respectively. 
However, the following inequality: 



f{x)dx < / f*{x)dx 

x\>R J\x\>R 

does not hold for all R > in general. Therefore, we will avoid using the symmetrization 
argument when we prove 



11/3/ 11/3 

Nevertheless, this can be taken care by a "double truncation" argument. This argument 
differs from those given in ^5\ [TBI [13 ES]- Using this argument, the compact embedding 
E -> Li(R^) forq>N is sufficient. 

Proof. By Propositions 4.1 and 5.1, there exist sequences {uk), (ffc) in E such that 

Uk -^ Uq, Je iUk) -^- Cq < 0, DJ^ [Uk) Uk -^ 

and 

Vk -^ um, Je i^k) — > Cm > 0, DJe (vk) Vk — )■ 0, Vvk{x) — )■ Vum{x) almost everywhere in M'^ 
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Now, suppose by contradiction that Uq = um- As in the proof of Lemma 4.1 we obtain 

(Kn\ fix,Vk) f{x,Uo) . rWj. ^ P ,1 D ^ n 

(5.3) ^ — a > g — m L (iJ/j) tor all it > 

\x\ \x\ 



Moreover, by (/2), (/3) 



F{x,Vk) Rof{x,Vk) Mof{x,Vk) 

I 1/3 — 11/9 11^ 

\x\ \x\ \x\ 



SO by the Generalized Lebesgue's Dominated Convergence Theorem, 

F{x^ F{x,uo) 1 

\x\ \xf 

We will prove that 



11/3/ 11/3 

\x\ J \x\ 



It's sufficient to prove that given 6 > 0, there exists R> such that 

^^^'"'^^-dxO^and / ^^^^dx<3S. 



|x| J |x| 

|3:|>_R \x\>R 

To prove it, we recall the following facts from our assumptions on nonlinearity: there 
exists c > such that for all (x, s) G M^ x IR+ : 

(5.4) F{x,s) <c\sf + cf{x,s) 

F{x,s)<c\s\ +cR{ao,s)s 



11/3 ^^ ^ ^, 

\xr Jrn \x\ 



First, we will prove it for the case /3 > 0. 
We have that 



^^'^''''^-dx < c I ^rfx + c / l^^^^dx 



ry '"^ /I nr' I ' /I fv* I 

\x\>R \x\>R \x\>R 

\vk\>A \vk\>A 

Since ||ffc||^ is bounded and using (15.41) . we can first choose A such that 

c— / ^—3 — dx < 6 for all A; 



and then choose R such that 



'^ II l|A^ ^ X 
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F{x,Vk) 



dx < 26. 



\x\ 



\x\>R 
\vk\>A 



Now, note that with such A, we have for \s\ < A: 



F{x,s)<c\s\ +cR{ao,s)s 



< c |s| + c y 



j=N-l 



^ \„\Nj/(N-l)+l 



< Is 



N 



j=N-l-^' 



< C{ao,A) \s 



N 



So we get 



F{x,Vk) ^^^^ C{ao,A) 



\x\ 



RP 



\Vk\ dx 



\x\>R 
\vk\<A 



\x\>R 
\vk\<A 



< — — \\vk\ 



RP H-^«,iz^- 
Again, note that Hffcllg is bounded, we can choose R such that 

Fix,Vk) 



-dx < 6. 



\x\ 



\x\>R 
\vk\<A 



In conclusion, we can choose R > such that 

F(x,Vk] 



dx < 36. 



\x\ 



\x\>R 



Similarly, we can choose R > such that 

F{x,Uo) 



dx < 36. 



\x\ 



\x\>R 

Now, if /3 = 0, similarly, we have 



N 



F(x,Vk)dx<c / \vk\ dx + c / f{x,Vk)dx 



\x\>R 
\vk\>A 



|a;|>R 



\x\>R 
\vk\>A 



C 
< — 

- A 



\N+l 



\vk\ dx + c— I f{x,Vk)vkdx 



\x\>R 



< -r \\vk\\E^^ + c— f{x,Vk)vkdx 

A A J^N 
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/ F,..,.M.<2. 



\x\>R 
\vk\>A 



Next, we have 



F{x,Vk)dx < C{ao,A) 



\Vk\ ax 



|a;|>_R 



|a;|>R 
\vk\<A 



<2''-'C{ao,A) 



\ 



Vk 



Mo I ax + 



\N 



Mo I dx 



. \x\>R 
\vk\<A 



|x|>_R 
\vk\<A 



I 



Now, using the compactness of embedding E '-^ L!^ (M^) , Q > N and noticing that 
Vk ^" Uq, again we can choose R such that 

F{x, Vk)dx < 5. 



|xi>-R 
\vk\<A 



Combining all the above estimates, we have the fact that 



(5.5) 



F{x,Vk] 



dx — 7- 



\x\ 



F{x,Uo) 



dx. 



\x\ 



since 6 is arbitrary and (I5.3P holds. 

The remaining argument is similar to that in [17] when /3 = 0. For < P < N, we also 
refer to [23] . For completeness, we will include a proof here. 

From the above convergence formula (15.51) . we have 

F(x,uo) 



(5.6) hm ||Vffc 
Now, let 



\n 



Nc 



M ■ 



Wk 



lim 

fc— >oo 



N 



V{x)\vk\ dx + N 



\x\ 



-dx + Ne / hundx 



Vk 



iVvfcl 



and Wq 



Uq 



hm^ 



we have JlViffcH^ = 1 for all k and Wk -^ Wq in D^'^ (l^^), the closure of the space 
C^ (M^) endowed with the norm || Vv^H^v- -'-^ particular, || VwoIIat < 1 and ^^1^^ ^ "y^olsH 
in W^'^ {Br) for all R > 0. We claim that ||Vu7olU < 1- 



Indeed, if ||Vw7o| 



N 



1, then we have lim 



fc— >oo 



Vffc 



N 



VmoIIat and thus Vk — )■ Mo in 



W^'^ (M^) since Vk -^ uq in L*? (M^) , g > A^. So we can find g G W^'^ (M^) (for some 
q > N) such that |MA;(a^)| < g{x) almost everywhere in M^. From assumption (/I), we 
have for some ai > ao that 



|/(x, s)s| < 6i \s 



\N 



c 



exp \ai\s 



N/{N-1) 



Sn^2 (ai,s) 
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for all (x, s) G M^xM. Thus, 



\f{x,v,)v,\ ^, \v,f , [exp(aiKr/(^-'))-5^_2(«i,t;.) 



<b,^^ + C- 



\x\ 



\x\ 



\Vk\ 



\X\ 



exp ( a 



I iN/(N-l)\ c I 

1 \g\ - ^N-2\OL\-, 



\x\ 



almost everywhere in M . Now, by the Lebesgue's dominated convergence theorem. 



hm / t^^2^dx 



\X\ 



f{x,uo)uo 



dx 



\x\ 



Similarly, since Uk — > uq in E, we also have 

fc— >-oo J Ixl 



f{x,uo)uo 



dx 



\x\ 



Now, note that 



DJe (Mfc)Mfc = ll^fcll^ ^ / 



N f f{x,Uk)Uk 



\x\ 



dx — ehukdx — )■ 



and 



DJ^{Vk)Vk = \\Vk\\E - I 



N f f{x,Vk)Vk 



dx 



\x\ 



ehvkdx -^ 



we conclude that 



r II 11^ r II uN' 
hm ||ffc||^ = hm \\Uk 

k—¥oo k—^oo 



I 11^ 
E = \\M\e 



and thus J^ (ffc) — ?■ Je (mq) = Cq < and this is a contradiction. 
So IIVwoIIat < 1- Using Remark 5.1 we have 



Cm - Je (Uo) < 



1 (N-(3aN 



and thus 



«o < 



N - (3 UN 



Now if we choose g > 1 sufficiently close to 1 and set 



L{w) = Cm — -jr: / l^(x) |w| dx + '-^ — dx + e / hwdx 



then for some 6 > 0, 

qao\\Vvk 



,A./(;V-1) ^ iV-/3 «Ar||Vt;fe||f^^^^^ 



AT 



< 



\N 



N [N{CM-Js{u,))f^''~'^ 

N-f3ar,{NL{vk)f^''-'^+0k{l] 
N [NicM-Jsiuo))^^''-'^ 
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Note that 



lim L{vk] 

k—^oo 



fc^-ooiV 



\^(x) |fjt| dx + ^-^ — dx + e I huodx + Ok{l) 



and 



<Cm - Je (Uq) 

SO for k, R sufficiently large, 



-dx + s I hupdx ) ( 1 — II V 



qa,\\Wv,\\T '>< 



N/{N-1) ^ N — P 



OtN 



N 



N 



l/(N-l) 



By Lemma 3.3, note that Vwk -^ Vtuo almost everywhere since Vffc(x) — )■ Vum{,x) 
VMo(a;) almost everywhere in M^: 



(5.7) 



( IIV7 11^/(^-1) I 1^/(^-1) 

exp (^gaoJIVvfcJIV Ffcl 



dx<C 



Bt, 



\x\ 



By (/I) and Holder's inequality. 



/ (x, t;fc) (t;fc - Uq) 



dx 



M^ X 



<6, / i"^i"-;i"*-"»i ,,+t, 



RJV X 



/3 



\Vk -uolexp \aQ\Vk 



\N/{N-1) 



dx 



<hi 



\Vk\ 



^^ ^ {N-l)/N 

-dx 



R'V X 



\Vk -Mo I 



R^ X 



lAT 



|X| 

l/AT 



-dx 



i/g' 



+ &2 I / ^, ,g° dx 

X 



exp iqao \\Vvk\ 



N/{N-1) I \N/{N-l) 
N \^k\ 



1/9 



dx 



X 



where g' = q/{q — 1). By (15.71) . we have 



f {x,Vk){Vk-UQ) 



dx 



R^ X 



<Ci 


Mfc -Mo 

|x^/^ 




|x '1'^' 



Using the Holder inequality and the compact embedding E ^^ L'^, q > N, we get 
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\Vk-Uo\ , / \Vk~Uo\ / \Vk-Uo\ , 

-ax = / a ax + / -a ax 



RJV |a;|' ^|x|<l \X\' J\x\>l \X 

- I / TTsI^^ ( / \vk-uo\''^ dx] +||t'fc-Mo||^ 

'\x\<l \x\'^ J V^|x|<l / 

— !■ as /c — > oo 



for some s > 1 sufficiently close to 1. Similarly, 



'^^~!°'' rfx '^-^ 0. 



Thus we can conclude that 



/ \^Vk\^ ^ Vf fc ( Vf fc - Vmo) (ix + / V{x)\vk\^ "^ Vk (vk - uq) dx ^ 



since DJ,. (vk) {vk — uq) — )■ 0. 

On the other hand, since Vk -^ Uq 



and 



we have 



|Vuo| Vuo(Vvk — 'Vuo)dx ^ 



V{x) \uo\ Uq {Vk — Uq) (ix — )■ 



/ \Vvk-Vuo\^ dx+ V{x)\vk-uo\^ 

<Ci I ( \S/vkf''^ Vvk - |Vno|^"^ Vmo ) C^Vk - Vmo) dx 

+ C2 / F(x) ( |wfc|^~%fc - luol^'^Mo) (^fc -Mo)c^a; 

./roiv V / 



where we did use the inequality ( |x| x — \y\ y) {x — y) > 2'^ ^ \x — y\ . So we 

can conclude that Vk — )■ Mq in -^- Thus J^ (ffc) — )• J^ (mq) = Cq < 0. Again, this is a 
contradiction. The proof is thus complete. D 

6. The existence result to the problem ( 11.41 ) 

In this section, we deal with the problem (11. 4p . The main result of ours shows that 
we don't need a nonzero small perturbation in this case to guarantee the existence of a 
solution. 
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6.1. Proof of Theorem 2.3. It's similar to the proof of Theorems 2.1 and 2.2. We can 
find a sequence (f^) in E such that 

J{vk) -^ Cm > and (1 + H^^fcH^;) ||-DJ(fA:)|| -)■ 

where cm is the mountain-pass level of J. Now, by Lemma 4.1, the sequence (vk) converges 
weakly to a weak solution v of (II. 4p in E. Now, suppose that v = 0. Similarly as in the 
proof of Proposition 5.2, we have that: 

(6.1) / ^^^->0 

So 



lim ||t;fc||" = lim NJ{vk) + N / ^ ' "^ rfx = NCm 

fc— s-oo fe— )-oo 1 / 1^1" / 



Note that by Lemma 3.6, we have < Cm < ^ (^1^) ' so 



hmsup ||t;felU < ( — -r I 



fc— ^-oo 



N ao J 



Thus by (/I), we have 



Note that 



f{x,Vk)vk . , Vk , r R{ao,Vk)vk 

^ — - ^7^ + ^ ^ 

\x\ \x\ \x\ 



6. ;4 + 6j ^<°°-";-)"^ ^o 



since by Lemma 3.2 and by the compact embedding E ■^-^ L^ (M^) , s > N, f (°o,|^^fcjt'fc ^ 

C {M,N) \\vk\\g — )■ 0. Moreover, J -^ < ||ffc||^ — ;■ again by the compact embedding 

|x|>i l"l 

E ■— 7- L^ (M^) and / -^ < C ||ffe||^^ — t- by Holder's inequality and by the compact 

|x|<l 

embedding E ^^ L^ (M^) , s > N. So we can conclude that 

f{x,Vk)Vk 



I 



I 1/3 

\x\ 



-dx —)■ 



Is ~ 

triviality of the solution. 



which thus lim H'Wfell^ = lim J ^^'^''^'' dx = and it's impossible. So we get the non- 

fc— >00 fc— ^-OO^^r 1^1 
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7. Existence and Multiplicity Without the Ambrosetti-Rabinowitz 

condition 

The main purpose of this section is to prove that all of the results of existence and 
multiplicity in Sections 5 and 6 hold even when the nonlinear term / does not satisfy the 
Ambrosetti-Rabinowitz condition. It is not difficult to see that there are many interesting 
examples of such / which do not satisfy the Ambrosetti-Rabinowitz condition, but satisfy 
our weaker conditions listed below. 

In this section, instead of conditions (/2) and (/3), we assume that 

{f2') H{x,t) < i7(x, s) for all < t < s, Vx G R^ where H{x,u) = uf{x,u)-NF{x,u). 

If 3') There exists c> such that for all (x, s) G M^ x M+ : F{x, s) < c \s\^ + cf{x, s). 



3 TV 



(/4') lim ^^n' = oo uniformly on x G 

We should stress that (/I) + (/3) will imply (/3'). 

The key to establish the results in earlier sections is to prove that the Cerami sequence 
3] associated to the Lagrange- Euler functional is bounded. Once we will have proved 
this, the remaining should be the same as in previous sections. Therefore, we only include 
the proof of this essential ingredient in this section. 

Lemma 7.1. Let {uk} be an arbitrary Cerami sequence associated to the functional 



7/ \ -'-II \lN 



F{x,u) 

I 1/3 

\x\ 



dx 



such that 



— \\Uk\ 



\N 



"^^''""'^■dx^CM 



\x 



13 



^1 + ll^fcl 



iV-Ufcl VukVvdx + 



k^ 



njhereC,,ei0,j,({l-§)^ 



N~l 



Proof. Suppose that 

(7.1) 

Setting 



V{x) \uk\ Ukvdx 



f{x,Uk)v 



dx 



< Sk \\v\ 



Sk ->0. 
Then {uk} is bounded up to a subsequence. 

\uk\\ -^ oo 



Vk 



Uk 
\Uk\ 



then ||ffc|| = 1. We can then suppose that Vk ^^ v in E (up to a subsequence) . We may 
similarly show that v^ -^ v^ in E, where w^ = max{w,0} . Thanks to the assumptions 
on the potential V, the embedding E ^^ L'^ (M^) is compact for all q > N. So, we can 

v^{x) — ;■ v^{x) a.e. in ™^ 



assume that 



v^ -)■ v^ 



in L« (M^) , Vg > A^ 



We wish to show that v'^ = a.e. 



N 
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Indeed, if S''*' = {x G M^ : f + (x) > O} has a positive measure, then in S^, we have 
and thus by (/4') : 



hmM^(a;) = hmt>^(x) ||Mfc|| = +00 

k—^00 k—¥oo 



hm 

k—^00 



F{x,ut{x)) 



X \ui 



This means that 
(7.2) 

and so 
(7.3) 



hm 



F(a;,M+(x)) 



N 



+00 a.e. in S^ 



\x\ \ul\x) 



\N 



f+(x) 



\N 



+00 a.e. in S^ 



. F(x,M+(x)) TV , 

hmmi — T- -4? fr(x) ax = +00 



^N rfc 



'=^°° |x|^ |Mfc(a;)| 
However, since {uk} is the arbitrary Cerami sequence at level Cm-, we see that 



\Uk\ 



\N 



NCm + N 



F{x,ul{x)) 



dx + 0(1) 



\x\ 



which implies that 

and then 

(7.4) 



F{x,ul{x)) 



dx —7- +00 



\x\ 



F{x,u+{x)) N, 



lim inf 



F(x,M+(x)) 

F \\uk\\ 



dx 



f P(^.4(^)) , 



lim inf ^ — q—— 

'^- NCm + N J^^ ^^^0^dx + 0(1) 

1 

N 



Now, note that F{x, s) > 0, by Fatou's lemma and (17. 3p and (17. 4p . we get a contradiction, 
f < a.e. which means tha 
Letting t^ € [0, 1] such that 



So f < a.e. which means that w^ ^ in E. 



I (tkUk) = maxi {tuk) 



For any given i? G 0, 



iV-l - 

1-4 Viv^ '^ 



ao 



, let E j:jJV/(JV-l) 



^"^ i^— ao > 0, since / has critical 



growth (/I) on M , there exists C = C{R) > such that 



(7.5) 



N 



F(x,s) <C\sf + 



RN/{N-1) 



ttO 



R{ao + e,s) , V(x, s) G 



)Af 



X 
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Since \\uk\\ — )■ C)0, we have 



(7.6) 



/ (tkUk) > I [ 71 — wUk 1 = / {Rvk 



Uk 



F{x,vk) j^ _ r Py^'^k, 



and by ( 17. Sp . ||ffc|| = 1 and the fact that L^ T^'J dx = J^„ 

\x\ \x\ 

(7.7) 



■dx, we get 



NI{Rvk 



> R^ - NCR 



N 



\N 



RN \X\ 



> R^ - NCR 



N 



\N 



RN \X\ 



> R^ - NCR 



N 



\N 



R^ \X\ 



dx - 


-N 


dx - 


-N 


dx - 


-N 



(1 - #) "TV 

«0 



ao 





N 

Rn-1 




(1 


N) 


On 




N 

Rn-1 




(1 


N) 


OiN 



R (ao + ^^R\vt\) 



dx 



M^ 



\X\ 



( N I 

R ( (ao + e) Rn-1, \v 



dx 



rn 



\x\ 



Rn^ 



i?((l-|)a;v,k|) 



dx 



\x\ 



Since f ^ ^ in i? and the embedding E ^^ L^ (M^) is compact for all p > N, using the 

I +( '\\'^ 
Holder inequahty, we can show easily that J^m , ^^ dx —^ 0. Also, by Lemma 1.1, 

Ljv — ^ — ^ 0' — -dx is bounded by a universal C. 

\x\ 



Thus using (17.61) and letting A; — )• 00 in (17. 7p . and then letting R — )■ 
we get 



'i-4)"iv^ ^ 



ao 



(7.8) 



liminfJ (tkUk) > ^ ( ( 1 - ^ I — 



N-1 



>c, 



M 



Note that 1(0) = and /(wfc) -^ Cm, we can suppose that t^ G (0,1). Thus since 
DI{tkUk)tkUk = 0, 

f{x,tkUk)tkUk 



tniukf 



-dx 



\x\ 



By (/2') 



N ||„, uN 



NI{hUk)=t'^\\ukr -N 



F{x,tkUk) 



\P 



dx 



Irn \x 
[f (x, tkUk) tkUk - NF (x, tkUk)] 



dx 



\x\ 



^ . [/ {x, Uk) Uk - NF {x, Uk)] 



\x\ 
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Moreover, we have 

[f{x,Uk)uk-NF{x,Uk)] II ..N . ^r^ II ||iv , ..X 

—g dx = \\uk\\ +NCM-\\uk\\ + o{l) 

\x\ 

= NCm + 0(1) 
which is a contraction to (17.81) . This proves that {u^} is bounded in E. D 
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